We consider the best approximation by Jackson-Matsuoka polynomials in the weighted L p space on the unit sphere of R d . Using the relation between K-functionals and modulus of smoothness on the sphere, we obtain the direct and inverse estimate of approximation by these polynomials for the h-spherical harmonics.
Introduction and Notations
, where x, v denote the usual Euclidean inner product. Let G be a finite reflection group on R d with a fixed positive root system R , normalized so that v, v 2 for all v ∈ R . Then G is a subgroup of the orthogonal group generated by the reflections {σ v : v ∈ R }. Let κ be a nonnegative multiplicity function v → κ v defined on R with the property that κ u κ v whenever σ u is conjugate to σ v in G, then v → κ v is a G-invariant function. We consider the weighted best L p approximation with respect to the measure h 
The standard Hilbert space theory shows that 
Simultaneously, they lead to the following definition of an analog of the modulus of smoothness. 1.11
The K-functional of the sphere is given by
where
In 2 , Xu proved the weak equivalence relation
Throughout this paper, C denotes a positive constant independent on n and f and C a denotes a positive constant dependent on a, which may be different according to the circumstances.
Abstract and Applied Analysis
Based on the classical Jackson-Matsuoka kernel see 3 , we define a new kernel
where j, i, s ∈ N, Ω n;j,i,s is a constant chosen such that c λ π 0 M n;j,i,s θ sin 2λ θdθ 1. It is known that M n;j,i,s θ is an even nonnegative operator. In particular, it is an even nonnegative trigonometric polynomial of degree at most 2s nj 2j−2i for j > i and the Jackson polynomial for j i. Using M n;j,i,s θ we consider the spherical convolution The purpose of this paper is to consider approximation by h-harmonic polynomials, which in the L p metric can be viewed as weighted approximation, in which the measure dω on the sphere is replaced by h 2 κ dω. It is well known that the situation can be quite different from that of ordinary harmonics; the weighted approximation is not a simple extension. Since the orthogonal group acts transitively on the sphere S, much of the results for the ordinary harmonics can be proved by considering just one point; the reflection groups do not act transitively on the sphere.
In this paper, we consider weighted approximation of the Jackson-Matsuoka polynomials on the sphere. With the help of the relation between K-functionals and modulus of smoothness of sphere and the properties of the spherical means, we obtain the direct and inverse estimate for the best approximation by Jackson-Matsuoka polynomials in the weighted L p space on the unit sphere of R d . We only consider best weighted approximation by Jackson-Matsuoka polynomials, and for the other polynomials on the unit sphere of R d , the methods and the results are similar.
Auxiliary Lemmas
We need the following lemmas. 
Lemma 2.2 has been proved.
2.5
and Φ t c 
where α n n −2 .
Proof. By Lemma 2.3, we have 
.
2.12
Consequently, by 2.8 , 2.10 , and 2.12 we complete the proof of this lemma. 2.14 Lemma 2.5 has been proved.
Main Results
Our main results are the following. 
